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APPENDIX 

1.A Extended Kalman Filter Algorithm±±±± 

Following algorithm presents the results when the extended Kalman filter is applied to 

the estimation of the parameter vector of ),,,,,,,,( 43242131 γγγααγρααθ = . In addition to 

the usual Kalman filter algorithm, in here we have also random parameters, which are 

assumed to be evolving according to the random walk process. Simply, in the EKF case, 

because of the non-linear relationship, we linearize the process and measurement functions at 

the current state estimate by using the partial derivatives and then apply the usual Kalman 

filter algorithm.  

The unobserved state vector X can be seen as partitioned into two parts: one is the usual 

unobserved state variables and other is the unknown parameter vector: 
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               1.A.1 

where K and P are the Kalman gain and covariance matrix for the extended state. Then the 

general algorithm: 

 1 2 2 3 2( ) ( ) ( ) ( )T T T T T
t t t t t t t t tS H P t H H P t D D P t H D P t D R= + + + +              1.A.2 

1
2 1 3( ) ( ) ( )T T T

t t tL t P t H P t D S −
−� �= +� �                  1.A.3 

1
1 2 2 2 12( ) ( ) ( ) ( ) ( )T T T T T

t t t t t t t t tK t F P t H M P t H F P t D M P t D R S −� �= + + + +� �              1.A.4 

1 1 2 2 3 1( 1) ( ) ( ) ( ) ( ) ( ) ( )T T T T T T
t t t t t t t t tP t F P t F F P t M M P t F M P t M K t S K t R+ = + + + − +             1.A.5 

2 2 3( 1) ( ) ( ) ( ) ( )T
t t tP t F P t M P t K t S L t+ = + −                  1.A.6 

3 3( 1) ( ) ( ) ( )T
tP t P t L t S L t Q+ = − +                  1.A.7 

[ ]ˆ ˆ ˆ( 1) ( ) ( ) ( ) ( ) ( )t t tx t F x t G u t K t z t H x t+ = + + −                1.A.8 

                                                
± The algorithm is discussed in details in “Theory and practice of recursive identification” by Ljung and 
Soderstrom (1983).  
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[ ]1
ˆ ˆ ˆ( ) ( 1) ( ) ( ) ( )tt t L t z t H x tθ θ −= − + −                  1.A.9 

Here, ˆ( ( ))tF F tθ= , ˆ( ( ))tG G tθ= , ˆ( ( ))tH H tθ=               1.A.10 

ˆ ˆ( ( ), ( ), ( ))tM M t x t u tθ= , with [ ] ˆ
ˆ( , , ) ( ) ( )M x u F x G u

θ θ
θ θ θ

θ =

∂= +
∂

            1.A.11 

and ˆ ˆ( ( 1), ( ))tD D t x tθ= −  with [ ] ˆ
ˆ( , ) ( )D x H x

θ θ
θ θ

θ =

∂=
∂

             1.A.12 

Finally, regarding the initial values: 

 1 1,0(0)P P= , 2 (0) 0P = , 3 3,0(0)P P= , 0ˆ(0)x x= , 0
ˆ(0)θ θ=             1.A.13 

1.B The Smoothing Algorithm 

The potential output can be estimated in two different ways depending on what information is 

used. The filtered estimate at time t is one-sided and it uses information up to time t ( *
|t ty ). 

Therefore, Kalman filter, used as a real-time or online algorithm, estimates the state vectors 

exploiting the current and past information. On the other hand, a smoothed value is two-sided 

and uses information from the whole sample, up to time T ( *
|t Ty  where 0≤ t ≤ T). In this way, 

the smoothing algorithm allows for considering future information as well, in the estimation 

of potential output. Unless there is some immediate real-time constraint, state estimates can be 

improved by using the smoothing algorithms. Referring to the fixed interval-smoothing 

(Rauch-Tung-Striebel Two-Pass Smoother) algorithm, the smoothed estimator can be defined 

as: 

( 1| ) ( 1| 1) ( )[ ( | ) ( | 1)]X t T X t t B t X t T X t t− = − − + − −                       1.B.1 

with its corresponding covariance matrix, 

( 1| ) ( 1| 1) ( )[ ( | ) ( | 1)] ( )P t T P t t B t P t T P t t B t ′− = − − + − −                1.B.2 

where 1( ) ( 1| 1) ( ) ( | 1)B t P t t f t P t t−′= − − −  for t=T…1 and  
0

( )
0

t

k k

F
f t

I ×

� �
= � �
� �

with k 

representing the number of the time-varying parameters. Since the smoother is based on more 

information than the filtered estimator, it will have an MSE that is smaller than that of the 

filtered estimator. 
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             2. Time-Varying Parameter Estimates Under Alternative Models 

  

1α  (Coefficient of 1−tπ ) 2α  (Coefficient of 2−tπ ) 
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3α  (Coefficient of 1−tgap ) 4α  (Coefficient of treer ) 
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             2. Time-Varying Parameter Estimates Under Alternative Models (continued) 

  

1γ  (Coefficient of 1−tgap ) 2γ  (Coefficient of tr ) 
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3γ  (Coefficient of tDI ) 4γ  (Coefficient of treer ) 
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ρ  (Persistence in Potential Growth) 
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3. Data Description 

Sample period covers quarterly data between 1988:Q2 and 2004:Q2. The issue of seasonality 

is handled with the commonly used program named TRAMO/SEATS (Gomez and Maravall, 

1998). 

ty : Logarithmic seasonally adjusted gross domestic product at 1987 constant prices 

tπ : Log difference of quarterly seasonally adjusted consumer price index (1994=100) 

treer : Log difference of CPI-based real effective exchange rate, (1995=100) 

tr : Ex-post real interest rate on 3-month average discounted Treasury action rates 

tDI : Demand index constructed from the Business Tendency Survey (BTS) of CBRT. 

Components of the index: BTS question 9 (total amounts of orders received this month), 

question 16 ((trend of next three months) volume of goods sold in domestic market), and 

question 18 ((Trend of next three months) volume of raw-material stocks). 

 

Figure: Actual GDP Growth and Seasonal Adjusted GDP 
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